Abstract-In power electronics-based microgrids, the computational requirements needed to implement an optimized online control strategy can be prohibitive. This paper proposes the derivation of a geometric manifold in the energy-power domain that is based on the a-priori computation of the optimal reactions and trajectories for classes of events in a dc microgrid. The proposed states are the stored energy and power of the dc-dc converter. It is anticipated that calculating a large enough set of dissimilar transient scenarios will also span many scenarios not specifically used to develop the surface. These geometric manifolds will, then, be used as reference surfaces in any type of controller, such as a sliding mode hysteretic controller.
I. INTRODUCTION
I N MODERN power systems, there is a growing concern about energy and the environment [1] . The smart grid and microgrid has been proposed as a standard of the future grid with efficient access to renewable resources and distributed generations [2] , [3] . The use of game theory in multiplayer systems can be an effective optimization technique to control the operations in a smart grid and a microgrid [4] , [5] . Game theory is a branch of mathematics that is a study of the phenomena observed when decision makers (called players) interact [6] . The basic assumption of game theory is that the players are rational and they reason strategically. Each player in the game has its own objective. A strategic interaction between all the players based on the desired objective of each player result in an outcome that may or may not have been intended by the players. This outcome is the solution of the game. The work in [7] summarizes different applications of game theory in smart grid. A distributed energy management system has been developed based on game theory in [8] . Noncooperative game theory can be used for load balancing, as discussed in [9] . Aristidou et al. discussed in [10] how a cooperative game-theoretic approach has been used in a microgrid model. A game-theoretic algorithm to predict the energy needs based on price is used in [11] . A game-theoretic approach to investigate storage in a multiplayer smart grid is discussed in [12] . A distributed load management scheme is discussed based on a game-theoretic point of view in [13] . Therefore, game theory is an extremely useful optimization tool in multiplayer systems. This paper introduces a generalized method to formulate a game-theoretic control problem in a dc microgrid with m + n power electronic converters and to solve the problem for an example system with three power electronic converters. Here, m is the number of power electronic converters connected to the sources and n is the number of point-of-load converters (POLC) in the microgrid. The outcome of this paper will be a guideline to derive geometric manifolds for any number of converters in a microgrid for any transient event in the system. In [14] , it has been shown that all the energy storage devices in a microgrid can be treated as different players in the system. Each player has its own objective to achieve in this game, such as keeping their stored energies constant, and their combined objectives are met for the different transient events, such as a step change in the load or the source. This is a noncooperative game-theoretic control problem, where the players in the game make their decisions based only on some local information available to them. When many such transient events are solved, all the solutions form a geometric surface that is used for real-time implementation in dc microgrids.
II. GENERALIZED GAME-THEORETIC CONTROL MANIFOLDS IN A DC MICROGRID
In a dc microgrid, different system components may have different objectives to achieve. Also, there may be many different transient situations taking place in the system at different instants. Derivation of the geometric manifolds in a dc microgrid requires the formulation of the problem with defined objectives and transient scenarios. The solution to the problem for all the transient events will generate the required geometric manifolds in the dc microgrid.
A. Derivation of the Game-Theoretic Control Manifold
The formulation of the control problem is discussed in Section II-A1 and the method of solution to the problem is shown in Section II-A2.
1) Formulation of the Game-Theoretic Control Problem:
Consider a general microgrid with m dc-dc boost converters in the set M of energy sources and n dc-dc boost converters in the set N of POLCs. The source converters have end resistive loads R si ∀i ∈ M. The output of the POLCs are connected to resistive loads R j ∀j ∈ N . A block diagram of the generalized system is shown in Fig. 1 . The POLCs in Fig. 1 are responsible for supplying power from a power network to their final loads. Any set of independent variables may be chosen as the state variables [15] . In this paper, the power flowing into the energy storage devices and the energy stored in them are used as states [14] . All converters have some form of energy storage devices that are capable of supplying and absorbing power [16] . Thus, the sum of power in a POLC is given as
The time rate of change of energy is power. Then, by neglecting losses, (1) can be expressed aṡ
whereẇ is the power stored. For dc-dc power electronic converters, the energy state w can be expressed as
where C is the capacitance of the output capacitor of the power electronic converter and v out is the voltage across it. The inductors in the converter circuits primarily act as energy transfer components, while the true energy storage is in the electric field of the capacitors. Therefore, only the capacitor energies are considered [17] . Note that (2) is true for any energy storage device in a power network. Therefore, in Fig. 1 , the source converters and the common bus can also be treated as energy storage devices and the energy stored in them may be considered to be a suitable state variable. In addition to the energy storage, the rates of change of the input and output power flows may be considered to have a general state dependency of the forṁ
where u is the control input. The input power
where V in is the input voltage and i in is the input current to the converter. Therefore, for a dc-dc boost converter, (4) reduces tȯ
where q is the switch state of the dc-dc boost converter. Hence, using (6) into (4) gives
Therefore, the control input u can be transformed into direct switch states of a converter. Thus, the state variables are w si , w bus , w j , p isi , p osi , and p inj , ∀i ∈ M and ∀j ∈ N . The dimension of this system is 3m + 1 + 2n.
For the dc microgrid shown in Fig. 1 , during a transient condition such as a step change in the load or the source, the objective of the control is to conserve the energy stored in the converters and the common bus. The set of dynamic equations for the system of Fig. 1 is given aṡ
for all i ∈ M and j ∈ N . The rate of change of the power flow in (8) are the controls u 1i , u 2i , and u 3j .
To formulate the game-theoretic control problem, an objective function of the general form
is chosen [18] . The choice of the path objective is
For all expressions in (10), i ∈ M and j ∈ N . Also, w sinom , w busnom , and w j nom are the nominal values of the respective energy functions. The path objective (10) seeks to keep the total energy as close to nominal values as possible and the rate of change of the power flow functions are minimized. The power flow functions ensure that they are at least continuous from their nominal values, i.e., they should not change rapidly with time. It should be noted that in the following examples equal weight is given to all the components of the objectives. If the weights are not equal, the objective with greater weight will get higher priority. Each energy storage device in the system is a player having a defined objective. In (10), the term
is the sum of the objectives of all the source converters. The term (w bus − w busnom ) 2 is the objective of the common bus and
2 is the sum of the objectives of all the POLCs. The combined objectives of all the players form the objective function (10) for the game. This problem is called a game because multiple players with different objectives are involved. The solution to this game should ensure that the players will not have the motivation to change the outcome. This will be the Nash equilibrium. During a transient condition, the objective of the game-theoretic control is to make the state trajectories travel from the initial operating conditions to the new steady-state conditions based on the minimization of the objective function (9) . The initial conditions for the system are
To simplify the objectives around the nominal operating points, (10) is modified to
where
Δw bus = (w bus − w busnom )
The state equations for the system arė
The initial conditions are
2) Solution to the Game-Theoretic Control Problem: The problem consists of the state (14) , the objective function (9) , and the initial conditions (15) . For the solution of the game-theoretic control problem, Pontryagin's minimum principle [18] , [19] is used. However, the minimum principle is capable of providing only open-loop solutions [18] . The open-loop solutions of various a-priori events will be used to form a control manifold as the basis of a real-time feedback control algorithm. The
Hamiltonian for the path minimization is
where λ 1i , λ 2 , λ 3j , λ 4i , λ 5i , and λ 6j are the costates [18] . The solution for the controls u 1i * , u 2i * , and u 3j * are found from
and the costates are found froṁ
Thus, the augmented set of equations arė The boundary conditions are
The boundary conditions imply that the co-states, which are actually variable cost functions, should reach a value of zero after time t f , thereby minimizing the overall objective function. This is a two-point boundary value problem. For an optimal solution, the Hamiltonian is a minimized scalar value. The solution of (19) with the boundary conditions (20) gives the trajectories for the stored energies w si , w bus , and w j and the power flows p isi , p osi , and p inj for transient conditions, such as a step change in the load or the source. This solution gives optimal operating points of all the players in the system. Not necessarily they are the individual nominal operating points for each of them but an operating point based on the influence of the other players' objectives in the game. An example system consisting of one source converter and two POLCs is considered with m = 1 and n = 2, as shown in Fig. 2 . Therefore, using m = 1 and n = 2 in (16) through (20) gives the solution of the game-theoretic control trajectories for the stored energies w s1 , w bus , w 1 , and w 2 and the power flows p is1 , p os1 , p in1 , and p in2 under a transient disturbance, such as a step change in the load, R 1 , R 2 or both. This is a generalized solution in the sense that it solves for power flows and energy stored in the microgrid. It is, therefore, possible to formulate a problem for any transient disturbance in the system and use these trajectories in different controllers as references.
B. Construction of the Game-Theoretic Manifold in the Energy-Power Domain
To construct a geometric surface, the example system shown in Fig. 2 is subjected to a series step changes in load. First, R 1 is given a step change from its initial value of 50 to 49 Ω and R 2 is kept constant. For this case, a set of trajectories for each of the source converter and the POLCs are obtained. Next, a step from 50 to 48 Ω is given to R 1 , while R 2 is kept constant. Again, a new set of trajectories is obtained. In a similar manner, keeping R 2 constant, a series of trajectories are obtained by stepping R 1 at increments of 1 Ω from 15-100 Ω. Similarly, set of trajectories are obtained when R 1 is kept constant and steps at increments of 1 Ω from 12-100 Ω are applied to R 2 . Next, steps are applied to both R 1 and R 2 simultaneously to generate another set of trajectories. The range of the step changes and the sample system parameters on which this derivation is done are shown in Table I . The trajectories for energy of the POLC 2 subject to three different load step cases is shown in Fig. 3 to show how individual trajectories are derived. The load R 1 is kept constant at 50 Ω and R 2 is varied from 25 to 12 Ω and 25 to 100 Ω for the first two cases. For the third case, load R 1 is varied from 50 to 33 Ω and R 2 is varied from 25 to 20 Ω.
For a larger set of cases, the trajectories can be combined together to generate the complete manifold. The complete manifolds for the system in Fig. 2 are shown in Figs. 4-6. Fig. 4 shows the 2-D surface comprising of the energy and power states of the source converter 1 with parameters from Table I . This surface consists of the individual state trajectories of the source converter 1 for the ranges of step changes in load shown in Table I . Figs. 5 and 6 show the resulting surfaces for the two POLCs. The POLC surfaces are 3-D with the energy stored in the bus capacitor as the third dimension. The source converter surface is only 2-D as its objective is to only regulate internal energy, w s1 , and this is same as the stored energy in the bus capacitor. Fig. 5 can be divided into three different regions based on the load condition. In Fig. 5 , region I shows the manifold comprising of the state trajectories when there are step changes in one or both the loads and the load power demand on POLC 1 increases. Region II shows the state trajectories of POLC 1 when there is a step change in R 2 only, thus the load power demand on POLC 1 stays the same. Region III shows the collection of the state trajectories of POLC 1 when there are step changes in one or both the loads and the load power demand on POLC 1 decreases. In a similar manner, Fig. 6 can be divided into three different regions based on the load condition. Region I shows the region of the manifold comprising of the state trajectories when there are step changes in one or both the loads and the load power demand on POLC 2 increases. Region II shows the state trajectories of POLC 2 when there is a step change in R 1 only, thus the load power demand on POLC 2 stays the same. Region III shows the collection of the state trajectories of POLC 2 when there are step changes in one or both the loads and the load power demand on POLC 2 decreases. These manifolds or portions of them will act as the basis for a controller as reference surfaces. Moreover, the derivation of these manifolds only require local sensor information, thus eliminating the need for a communications structure. These surfaces are derived based on a finite set of load step scenarios. It is anticipated that surfaces derived from small sets of cases can span the space for larger sets. Sections V and VI address the use of the derived surfaces in unknown situations and in larger event sets. Note that this example only shows the trajectories for one source converter and two POLCs, but the approach is valid for any generic system with m source converters and n POLCs. The step change in the source will have no effect on the trajectories in the energy-power domain, since the concern here is to solve the power in-flows and energies stored only. Once the input power and energy stored states are converted to input current and terminal voltage states, the effect of the step change in the source will become visible.
C. Conversion of the Game-Theoretic Manifolds to the Voltage-Current Domain
To be implemented in hardware, the manifolds in the energy and power flow states are mapped to current and voltage states. The stored energies and the power flows are converted into voltage and current states as shown in (21) . Here, the effects of step changes in the source voltage will be reflected in the input current states of the source converters
The geometric manifolds shown in Figs The POLCs respond to the changes in the system and get the local information from the loads. The step changes in the load compels the POLCs to make necessary changes according to the system control objectives. The step changes in the load changes the output impedance of the source converter. Based on the output impedance as seen by the source converter, it makes necessary changes according to its control objective. Thus, the manifolds in Figs. 7-9 are the practical geometric manifolds for a range of step changes in the loads and sources specified in Table I .
III. SIMULATION RESULTS
The geometric manifolds derived in the previous section can be used in a controller as references. To test the use of the derived surfaces in a sliding mode hysteretic controller [20] , a simulation for the example system is done in MATLAB/Simulink. The reference surfaces derived in Section II-C are used as a-priori calculated surfaces and fed into a memory lookup table. This memory table contains the surfaces and the switching law. The switch states for the converters are generated based on the sliding mode hysteretic control technique [21] , [22] . Therefore, the reference surfaces pertaining to different transient scenarios that form the complete manifold are the sliding surfaces in the controller. The system sensor state feedback is fed into the memory table. Based on these system state trajectories, the memory lookup table control law determines the switch states for each power converter. The switch states of each power converter are the outputs of the memory lookup table. The purpose of the controller is to drive the system states to the surfaces stored in the memory location. The load R 1 is first given a step from 50 to 33 Ω and the load R 2 is given a step from 25 to 20 Ω. The initial and final system parameters selected are shown in Tables II and III, respectively. Next, a step change in the source voltage is given from 9 to 6 V. The final system parameters for this transient condition is shown in Table IV . The system undergoes an initial transient in the form of a step change of both the loads R 1 and R 2 . Then, it undergoes another transient situation in the form of step change in the source voltage. The complete geometric surfaces for these scenarios are precalculated and stored in the memory tables along with the respective switch states prior to the system model simulation. The system trajectories follow the sliding surfaces when the transient conditions are simulated. The state trajectories reach the new equilibrium points based on the predetermined sliding manifold as fed into the memory table. Fig. 10 shows the geometric surfaces based on the a-priori calculations for the source converter for this example case along with the state trajectories generated in the simulation. The surfaces are slices of the complete manifold pertaining to the specific transient cases considered in this example. The state trajectories reach these particular slices and, hence, they stay on the complete manifold. Therefore, it may be concluded that the system states can be driven to the required sliding surface based on the a-priori geometric surface calculations. Hence, the complete geometric manifolds or parts of them can be effectively used as reference surfaces for a controller.
IV. EXPERIMENTAL RESULTS
The circuit for the dc microgrid with three dc-dc boost converters and their control circuits is shown in Fig. 11 . This section addresses how the proposed approach can be implemented practically in an experimental setup. The game-theoretic control manifolds can be used as reference surfaces by any real-time controller. A digital sliding-mode controller uses the game-theoretic control manifolds as reference surfaces. The electrically erasable programmable read-only memories (EEPROM) store the surfaces pertaining to the specific example case in their memories and the control logic drives the state trajectories of the converters to these reference surfaces. This example shows a method of practical implementation of the proposed game-theoretic control manifolds in a real-time hardware. Although this implementation is based on a specific case, this paper suggests a method of practically implementing gametheoretic control solutions.
A step change in load is considered as a transient event for the experimental implementation of the a-priori derived surfaces in a digital sliding mode controller. EEPROMs are used as memory lookup tables in the controller. As shown in Fig. 11 , analog to digital converters (ADC) are used and the state signals are scaled before sampling. The EEPROMs contain the reference surfaces and the switch states are programmed a-priori. Additional inputs for the EEPROMs become necessary to notify the EEPROMs of the load condition of the system. Therefore, the EEPROMs sense a step change in the load and generate the switch states accordingly. Fig. 12 shows the variation of the input current, output voltage, and switch states of the source converter with time. Due to the ADC and memory chip resolution effects, this experimental setup is a highly discretized system. The experimental data obtained during the transient is subjected to a moving average filter in MATLAB. Fig. 13 shows the state-plane plot for the source converter. Fig. 13 shows that the geometric surfaces derived a-priori can be successfully implemented as reference surfaces in the EEPROMs for a transient condition, such as a step change in load and the digital sliding-mode hysteretic controller could be designed effectively such that the states slide along the reference surfaces and reach the desired equilibrium points from the initial equilibrium points.
V. LIMITS OF APPLICABILITY OF THE METHOD AND RESPONSE IN UNKNOWN SITUATIONS
The method of derivation of the geometric manifolds is a generalized method for m source converters and n POLCs. The derivation considered only power flows and energy stored as state variables. The problem formulation using this kind of an energy balance approach makes this a generic method since the choice of the power converter topology becomes immaterial. The example system uses dc-dc boost converters. However, any type of converter topology may be used.
Any real-time system has specific design criteria. This would include the maximum current and voltage ratings, load conditions, etc. The solution for the game-theoretic control problem used for the example case in this paper is based on the system parameters specified in the Tables I to IV. The surfaces are derived based on these parameters. However, if the system specifications change, then the parameters will change but the method of derivation of the surfaces will remain the same.
The derivation in Section II and the simulation in Section III assume initial state equilibrium points for all the converters in the system. However, these reference surfaces can be used, without any modification, for situations where the initial state equilibrium points are different. As an illustration, a simulation is done with the same system parameters and same control method as described in Section III. However, the initial equilibrium point for the source converter is different from that used for the derivation. The source converter has an initial equilibrium point of (15 V, 2.97 A) instead of (12 V, 2.88 A). Fig. 14 shows that the state trajectory for the source converter reaches the reference surface, slides along it and reaches the final equilibrium point. This illustrates the applicability of the reference surface in controllers for a situation not explicitly used to derive the surfaces.
The manifolds are constructed for specific discrete transient scenarios. In the situation of a contingency, that is not explicitly used to derive the manifolds, if it lies within the event space used for the derivation, it will treat the closest scenario as the reference because of the quantization effects of the digital controller used. Hence, the calculations are optimal for specific cases but are still viable for other cases. Fig. 14 shows a situation where the initial equilibrium points are outside the training area. But the controller was able to bring the system states to the desired equilibrium points. Further work is needed to determine when a specific solution space will cover all contingencies with a higher level of confidence. This is not unlike neural networks, where the systems are trained on a specific set of cases and are able to extrapolate to cases outside the training set. It is advisable to think of as many transient situations as possible before the problem formulation. This will ensure that the manifolds cover almost all the situations pertaining to the system operation.
VI. DISCUSSION
The proposed derivation and the manifolds generated are based on the specific example condition shown in this paper. However, this method can be applied to other scenarios as well. If the system changes, the transient conditions change, or the objective functions change, the problem formulation needs to be changed accordingly. However, the method of solving the problem and the process of implementation will remain the same. By following the process explained in this paper, one can formulate a game-theoretic control problem, solve for the manifolds, and finally use the manifolds as reference surfaces in a digital sliding-mode controller. Hence, though this paper shows a specific example case, it suggests a generic method of solving a game-theoretic control problem and implementing the same in a hardware setup.
For the example system, the lower limit for the load resistances are chosen in such a manner that it does not demand more power from the system than it can deliver. This would result in a power mismatch in the system. Similarly, the lower limit of the source voltage needs to be chosen such that it is capable of transforming enough energy to the loads. The upper limits for the load can be anything as long as some current flows through them. The upper limit for the source voltage depends on the converter topology used and the terminal voltage required at the source converter end. The derivation has been done for two transient conditions-step changes in the loads and source. Other transient conditions like a startup may also be included in the derivation. The simulation done in Section V shows an example where the reference surface can be used in a situation not explicitly used to derive the surfaces. Therefore, the method of derivation is a generic method because one can arrive at the game-theoretic control manifolds based on their system requirements and transient situations by following the general method of derivation described in Sections II-A1 and II-A2.
The solution to the game-theoretic control problem is computationally intensive. The addition of increased transient scenarios and additional converters will increase the computational burden of the system during the generation of the manifolds. However, all the calculations for the derivation of the manifolds are done offline. The experimental implementation of this method shown in Section IV explains how the gametheoretic control manifolds can be implemented in a real-time hardware. The manifolds are stored in the EEPROM memories prior to the system operation. During the system operation, the EEPROMs act as memory lookup tables and control the state trajectories. Therefore, there is no computation involved during the operation. This makes the control fast. This paper also shows how highly nonlinear and complex control surfaces, such as the game-theoretic control manifolds, can be practically implemented in a real-time experimental setup.
VII. CONCLUSION
The game-theoretic control trajectories for the power converters in a dc microgrid have been derived for various events, such as step changes in the load and source. The importance of these trajectories and the complete geometric manifold they form lie in the fact that they can be used as reference surfaces for any controller. The switch states of the power converters need to be controlled by a controller and these surfaces will act as a basis of the control. The manifolds are still limited to the specific ranges of load and source steps considered. However, this method may be extended to any range of loads and is applicable for any number of energy storage devices in a microgrid. This paper showed simulation and experimental results where the reference surfaces are used in a digital sliding-mode hysteretic controller. This method shows a general guideline for the derivation of game-theoretic control-based geometric manifolds in a microgrid and a practical implementation of these manifolds using a digital sliding-mode controller in a real-time hardware setup.
